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Abstract
In the present work, analysis of a nonlinear time delayed hybrid vibration absorber (HVA) attached
to a nonlinear single degree of freedom spring-mass-damper primary system is carried out. The
primary system is subjected to harmonic and parametric excitation. It is proposed to reduce the
vibration of both the primary and the absorber systems by attaching a lead zirconate titanate (PZT)
stack actuator connected in series with a spring in absorber configuration which act as a hybrid
vibration absorber (HVA). Due to the external excitation on the primary mass strain is developed in
the PZT sensor, which produces voltage and this voltage converted to a counter acting force by the
PZT actuator to supress the vibration of the primary system. The analysis is carried out by
considering time delay acceleration feedback of the primary system. Harmonic balance method
(HBM) is used to obtain the approximate solution of the system for primary resonance condition.
Keywords: DVA, PZT, HBM

1. Introduction
Dynamic vibration absorber (DVA) consists of spring mass damper system attached to host

vibrating structure to suppress its vibration [1]. Various optimization methods such as H,
optimization, H_ optimization, LQR method, genetic algorithm etc. are developed for attenuating

vibration of the primary system and absorber [2]. To make the structure lighter and effective for
broad band excitation various design of DVAs and smart materials are used [3, 4]. However
nonlinearity with time delayed acceleration feedback control strategy is not explored more. In the
proposed model a PZT actuator is connected in series with a spring by which one can use higher
order stiffness value for the spring in series to produce more controlling force without any external
voltage applied to the actuator.
2. Modelling of a nonlinear hybrid vibration absorber
A single degree of freedom primary system to which an active dynamic vibration absorber is placed

is shown in Fig.1. Here m, C, and k; denotes mass, damping and stiffness of the primary system
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and the DVA respectively fori=1,2, Kk;denotes the stiffness of the absorber connected in series

with PZT actuator having stiffnessks. The termsk;,,K;;,K,and K,denote quadratic and cubic

nonlinear stiffness in the primary system and absorber, respectively. The harmonic force of
F, cos(€,,t) and a parametric excitation force of X, F,, COS(Q2,,t) are acting on the primary system as

shown in the Fig.1 (a). Due to these excitation forces strain is developed in the PZT sensor attached
to the primary system. The displacement produced in the sensor is converted to voltage and through
this voltage the PZT actuator produces a counteracting force on the primary system by providing

acceleration feedback to the primary system. The block diagram of the acceleration feedback on the

primary system X, with control gain K_ is shown in Fig. 1 (b). The mathematical model of the system

is described by two ordinary coupled differential equations of motion as given in Eq. (1) and (2).
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Fig.1 Piezoelectric stack actuator based nonlinear hybrid vibration absorber (b) Block diagram with acceleration

feedback of primary system.

mlxi+k1)(1+k12)(12 +k13xl3 +k2 (X1_X2)+k21(xl _Xz)z +k23 ()(1_)(2)3 Jr(:1)'(1‘|r(:2 (X1 _Xz) (1)
=R, cos(t)+ % F,, cos(Q,t)—F,
m,X, +kz (Xz _X1)+k21(X2 _)(1)2 +k23 (Xz _)(1)3 +GC, (Xz _X1) = Fc 2

Force developed by the actuator and spring in series can be written as F, =Kk, (x1+5O —X2) where
k, =(ksk5 ) /(ks +KE ) is the equivalent stiffness of the actuator and &, is nominal displacement of

the actuator at the junction of primary mass and actuator, which can be written as &, =nd,,V .

Considering the effect of time delay in the acceleration feedback of primary system i.e.

=k, (% — %, ) and substituting the value of V in F,, the modified value of can be written as

=k ((Xl_xz)_(xdl_xd2)+nd33kc (X1_Xd1)) 3
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Assuming @ =./k,/m, and non-dimensional time z = et , the Eq. (1) and (2) can be written as

Xl +a)n12x1 +(a’lc +0€20)X1 +Ilc).(1 =0 (Xdl _Xd2)+(a1c +a20)X2 _Oéllcxl2 _06130)(13

(4)
2 3 ; o .
Q. (XI_XZ) _a23c(xl_x2) +h2CX2+FlcOS(QiT)+X1F3COS(Q3T)—F01(X1—XM)

2 3
X2+a)22X2+/ua2cX2_:u(alc+a2c)xl+1ua2c(Xdl_Xd2)+/Ja21c(X2_Xl) + U0, (Xz_x1) ©)
+yh20()'(2—)'(1)=/1|:cl(5(1—)'(d1)
where

LY :/ﬁ B A ke o ke _kn Ky
a)nl 1':“ m2 1(02 /J k1 ’alc k1 ’a2c k1 ’hlc rnla)l 1a’llc kl 1a’.LSC kl ’a21c kl ,0!230 k1 ’
C Q Q F E F
hzc:ml;l’n?_c:%rgl:%’gz:ﬁygszﬁ'ﬁ:ﬁylzz:ﬁ’Fszk_sll’Fclzazckcndss

3. Mathematical Analysis by HBM
In the present section, the HBM with slowly varying parameter is employed to analyze the

steady-state dynamics of the system. To this end, assuming the solutions of Eq.. (4) and (5) as

% (7)=A(7)cos(Qz+0; (7)) ©

X (1= 14) = A7, )00s(Q (1 -74) + o (7 -7,)) (7)
X(7)= B(T)COS(QiTJF(Pz(T)) ©
Xdz(T_Td): B(z‘—rd)COS(Qi (r—rd)+¢>z (T—Td )) ©)

where A(7),B(z), ¢ (7) and ¢ ()are slowly-varying functions of time zsuch that one can neglect

the following terms: A, B, &, &, Ajy, Bon,@?, @2, Substituting Eq. (6) to (9) into Eq. (4) and
(5) and equating the co-efficient of sSinQt and cosOt terms separately to zero, yields the following

algebraic equations.

d,sing, +d, cos¢ +d,cosg, +d,sing, =0, (10)
—d, cos¢, +d,sing +d,sing, —d, cose, —F, =0, (11)
d;sing +dg coseg, +d, sing, +dg cosgp, =0, (12)
—d, cos¢ +d;sing —d, cosg, +dgsing, =0. (13)

where
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. Alr— inQ.z, si —CcosQ.
dl :(ZQi¢1+Qi2)A_a)n12A_(Oﬁc +a20)A—hch—062C é‘[ Ty )(Sln- i Ty Sln-gole Costz, COS(01Td)

—% s A —§a23cA3 + 1, AB (% B —g Bcos2¢p, +g Acos ¢, Cos @, ) + AR, cos (1)

. (224 +Q7)A-2A(r - 7,)Q, (—c0sQz, Sin gz, —sinQz, COs gz, )
“ +A(7—74) Q7 (sin Q7 singzy —cos 7, COSi 7y )+ A(7 —74 ) 1Y, (SIN Q7 Sin gz, —COS Q74 COS P, )
. Alr— inQ Q7. si
d, =240, +1y (-0 A— g A)ar, B(r 7, )(sm_ .7, COS@T, +COSCYT, Sln-(olrd )+
(7—174)(—SinQyzy COS 7, +COSQ 74 SIN QT )
—2AQ; —2A(7-14)Q (—cosQzy cospz, +sinQzy singzy)

+A(r—7,) Q7 (sinQyz, cos gz, +c0sQz, singz, )+ A7 -7, )< (SINQ 7, cos gy, +€0s Q7 singyz, )
d3 = hZCB(Qi +¢’2)
d, =(eg +a20)B+§a23cB3 +a23CAB(gA—%Acosz(pl—gBcoswlcos%j+hZcB
A(z-1,)sinQuz, singyz, — Az -7, )(cosQyz, cos gz, ) ] 3

d = A ~ A3
o = (et + ) At ity (—B(r—rd)sinﬂird singyz, +B(7 -7, )(cosQz, cos gz, ) e

4

—10t,, AB G B —g Bcos2¢, +g Acos ¢, cos goz)ﬂlhch

L (224 + Q%) A-2A(z -7, ), (~cos Qyz, singyz, —siNQz, cos gz, )+ Az —7,) Q7
" (sinQyz, singz, —cosQz, cos gz, )+ Az -7, ), (+sinQyz, sin gz, —cosQyz, cos gz, )
Alr— inQ —A(r- —CcosQ.z, S
d, = b, (O A— Gy A)+ it ér 74 )(sm- 74 Cos g7y ) — A7 —74 ) (—Cos 7, Sln-golz'd)
—B(7—1,)(sinQz, cosgyzy )+ B(7—74 )(—CosQzy singazy )
—2AQ; —2A(7 -7, ) (—Ccos 7y cos gz, +SiNQyzy Singyz, )
—pFy | +A(r—74 )% (SinQyz, COS g7, +COS 74 SN T, )
+A(7—174 ) @€, (sinQyz, oS 74 +COSQY 7, SN, )
3 §A—§ Acos2¢
d; = (ZQi¢2 +Qi2) B-Bw,’ —Bua,, _Zﬂazsc B — puot,, AB 3 4 — phy,B
5 Bcos ¢, cos ¢,
d; =—2BQ, + h,, (—BQi — quz)
Recasting Eqg. (10) to (13) in the following compact matrix form:
a a a a|[A|l (b

as 8 & a ||B|_|b (14)

N

Qg 9o Y1 G2 || bs
&3 g d5 X || by
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From Eqg. (14) the following amplitude and phase equations, also known as the slow flow equations

are obtained.

A=fi(AB g, ») (15)
B= fz(A, B,(p_L,(pz) (16)
¢ = f3(AB,@,0) (17)
@ =T, (AB@,0) (18)

The steady-state solutions of the slow-flow equations can be obtained when the first derivatives of

the slowly varying amplitudes and phase are equal to zero, i.e., setting A= B:gz')1 =, =0 in the

Egns. (10) to (13) one can obtain the steady-state equations as

p,Sing, + P, COS@, + P, COS@, + p,Sing, =0, (19)
—p,COS@, + P, Sing, + p;Sing, — p, cose, —F, =0, (20)
PsSiNg + P COS@, + P, SiNg, + P; CoS¢, =0, (21)
—Ps COS @ + Ps SiNgy, — P, COS @, + Py Sing, =0, (22)

where

(Qﬁ —ar’ — (o4 + ) — . (SINQ 7y SiN 7, —COS Y7, COS Q74 )+ Fy cos(Qgr)J 3
p1 =
4

2 2/ - . __QLBCAg
—Fcl(Qi +Q% (sinQyz, singyz, —cos Yz, OS¢y 7, ))

—%awﬁ + 1, AB G B —% Bcos2¢, +§ Acos ¢, cos ¢2)+a208(sin Q74 sin @z, —COS 7, COS @7 )

p, = A(—chi —a, (SINQy7, COS @7, +COSQ 7y SNy T, ) — F Q) (SN Q74 COS 7, +COS 7, Sin gy 7 ))
—aty B(—sinQyz, cos g7y +C0sQ 7, SNz, )
Py =h, QB
3 3 3, 3 3
P, =(cy, + 1) B+Za23°8 +a23°AB(§ A—Z Acos2¢, -3 Bcosg, COSgozj

Py = ,uA((oz,lc + 0y, )+ Oy, (SINQT, SIN 7y —COSY T, COS T, ) — Ry Q2 (SIN Q7 Sin a7y —COS Y74 COS Py ))
+% U0y A — pict,, AB (% B —g Bcos2¢, +g AcCos ¢, COS @, ) — pa, B(sinQyz, singyry —cos iz, cOSpy, )
P = 1A(—h, Q2 + iy, (SINQ7, COS 7, +COSQ 7, SN 7, ) — Ry (SINQ7, COS gy, +COSQ 7, SN 37, ))

— o, B(Sin Q7 cos g7y +C0s 7, Singyzy )
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The stability of the steady-state solutions of the slow-flow equation thus obtained can be
ascertained by computing the eigenvalues of the Jacobian matrix which are obtained by perturbing
the Eq. (10) to (13). The stability of a particular solution is ensured by the negative real part of the
eigenvalues of the Jacobian matrix.

4. Results and Discussions
In this section a parametric study is undertaken to study the effects of controlling force and

stiffness oy, on the frequency response characteristics. Several non-dimensional parameters
involved in the problem are assumed as excitation forces i =0.1 and F; =0.01, mass ratio & =100,
damping’s in both the primary and the absorber are considered to be hy, =0.002, h,. =0.0004 and
the stiffness a,. value varied from 0.001 to 1. The quadratic and cubic nonlinearity stiffness is

considered to be 3% and 4% of the linear stiffness for the primary system and the absorber

respectively. The value of Fis obtained by considering number of wafers n in the PZT actuator
equal to 100 and stiffness of the PZT actuator is referred from [5]. The control gain k.is varied

from 1 to 100 to provide an actuating force by the PZT actuator from 0 to 0.002.

In the Fig.2 time responses of both the primary system and the absorber are studied at non
resonant frequency region by numerical method using MATLAB command dde23 for the Eq. (4)
and Eq. (5). From the Fig. 2(a), it can be observed that by applying controlling force the settling

time is very less than for the system without controlling force. In Fig. 2(b) the effect a,. on both

primary system and absorber is studied and it is compared with Fig. 2(c) where by increasing the

oy the amplitude of both the primary system and the absorber is decreased. The maximum

amplitude at steady state in the Fig 2(b) for absorber is 1.02 and for primary system it is 0.36.
However in Fig. 2(c) maximum amplitude at steady state in the Fig 2(c) for absorber is 0.006 and
for primary system it is 0.01.

In Fig 3. time responses of the primary system and the absorber are studied at resonant

frequency, i.e. when ; =1and Q3 =0.9. The amplitude of both primary system and absorber are

higher compared to those Fig. 2. The effects of time delay on the response are compared using
MATLAB command dde23 (Fig. 3 (a), (b)) and of MATLAB command ode45 (Fig. 3 (c), (d)) for
the system with and without delay respectively. It is observed that time delay in the limit from 0.1
to 0.8 gives better vibration suppression than without no delay. From the Fig. 3(a) the amplitude of

primary system with a delay of 0.5 is 0.42 and for the system with no delay the amplitude is found
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to be 2.2 (Fig. 3(c)). The same observations are also detected in case of the absorber as shown in

Fig. 3 (b) and 3(d). For a delay of 0.5 the response amplitude of the absorber is found to be 2.8 and
when there is no delay the response amplitude is 5.2.

5
with controlling force Primary system - 1 = Primary system
‘q:: — without controlling force E - Absorber 5 Absorber
= £ £
] Q a 0
8 8 s "k
- o -t
il 2 2
a 8 a4t
sbii ‘ . , . . .
0 100 200 300 400 500 0 50 100 150 200 0 10 20 30 40 50
Time Time Time
Fig.2. Time domain response of (a) primary system by with Fy =0and Fy =0.002 (b) primary system and
absorber with Fyy =0.002and ap =0.001 (c) primary system and absorber with Fq =0.002and ap; =0.1.
(a) = (b) (c)* (d)re
Eq £S5 £2 £ 5
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Fig.3. Time domain response with Fyy =0.002and ap. =0.001 (a) primary system with time delay and (b)
absorber with time delay and (c) primary system with no delay and (d) absorber with no delay

Hence by using a delay of 0.5 the amplitude of primary system is reduced by 81% and the response
amplitude of the absorber is reduced by 47%. The frequency response plots of the primary system
and the absorber are obtained by solving Eq. (19) to (22) using Newton Raphson method. The
frequency response of the primary system with the controlling force is shown in the Fig. 4(a) with
applied controlling force. It is observed from the Fig. 4 (a) that the maximum amplitude of the
primary system is equal to 0.36 at the frequency of 0.92 after which the amplitude reduces. The

instability region in the frequency response of the primary system also observed in the range

(a)

0.3 | (b) 1.5
< 0-2 | m 1
0.1 1 0.5

o 2 Q 4 6 0 2 O 4 6

Fig.4. Frequency response plot with F;1 =0.002and apc =0.001 (a) primary system (b) absorber
4.2 to 4.4. In the Fig. 4 (b) the frequency response of the absorber is plotted from which one can
observe two high peaks of 1.04 and 1.64 at frequency operation of 0.88 and 1.62, respectively. The
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amplitude responses between the two peaks are of different value this can be minimized by
obtaining optimized value for the damping in the absorber and stiffness in the absorber. The
nonlinearity effect in the absorber also observed which bends the frequency response curve in the
range of 2.1 to 4.2. The frequency response of the primary system and the absorber with controlling
but without delay is plotted in the Fig. 5. In the Fig. 5(a) the maximum amplitude of the primary

system is 1 at a frequency of 0.72 which is comparatively higher than the response obtained in the

@1 . N O

<oe| | | @'’

o2l N\ | 0.5
0 2 Q ] 6 0 2 Q < 6

Fig.5. Frequency response plot with no delay (a) primary system (b) absorber.

Fig 4(a). From Fig. 5(b) it is observed that the amplitude of the absorber has two peaks of 1.8 and
2.32 at the frequency 0.7 and 5.6 respectively. The frequency response of the primary system and
absorber without applied controlling force is shown in the Fig. 6. The maximum amplitude of
primary system and the absorber are 4.2 and 3.8 at frequency of operation 0.82 and 0.86
respectively. In the Fig. 6(b) the responses of the primary system and the absorber is shown without

the applied controlling force. The amplitude response of the primary system in the Fig 6(a) is found

a
(@) ° (b)
4 3
<> 1 _ m2
: 1 i
1 }\ ' U .
o 2 Q 4 6 o 522 4

Fig.6. Frequency response plot with no controlling force (a) primary system (b) absorber.

to be 4.2 and for the absorber it is 3.8 as shown in Fig. 6(b). The frequency response plot obtained
using HBM are compared with the time responses curve obtained by numeric method, which are
observed that are in good agreement with each other in terms of the amplitude of the primary
system and the absorber at the resonant frequency of operation.

5. Conclusions
In the present paper nonlinear hybrid vibration absorber with time delayed acceleration feedback is

investigated by considering a DVA in tandem with a PZT actuator. HBM is used to obtain the
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frequency responses of the system and then the results are compared with those obtained using the
numeric method. The response amplitude of the primary mass and the absorber are shown to be
suppressed with the proper application of controlling force. The time delay in the range of 0.1 to 0.8
with acceleration feedback shows the effectiveness in attenuating the vibration of the system for the
primary resonance condition. The damping ratio used in the primary system and the absorber is
considered to be 0.001 and 0.0002 to shows the effectiveness of vibration suppression by the use
PZT actuator. DVAs are generally designed based on the assumption that the absorber structure
possesses linear characteristics. However, an effective vibration absorber vibrates with large
amplitude leading to the dominance of structural nonlinearity for which here nonlinearity in the
stiffness is considered. Thus, the linearity assumption regarding the elastic properties of the

absorber substructure does not hold well in reality. In the proposed model as a spring of stiffness k;

is used in series with the actuator so one can increase the controlling force without increase in the
supplied voltage to the actuator. So the proposed model is more economical and also a failsafe
design as when the control is on it performs better than a passive DVA and in the event of failure of
active part the passive DVA can still protect the system from being damaged due to severe

vibration.
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